Though many aggregation theories exist for physical, chemical and biological systems, they do not account for the significant heterogeneity found, for example, in populations of living objects 1-8 . This is unfortunate since understanding how heterogeneous individuals come together in support of an extremist cause, for example, represents an urgent societal problem. Here we develop such a theory and show that the intrinsic population heterogeneity can significantly delay the gel transition point and change the gel's growth rate. We apply our theory to examine how humans aggregate online in support of a particular extremist cause.
aggregates into the largest cluster, known as a gel [13] [14] [15] . A kinetic model of polymerization allows for analytical treatment for a few types of kernels. In particular, it has been shown that a kernel of the form K ij ∼ (ij) ω yields a gel transition for ω > 1/2, and the system's size distribution at the point of transition follows a power-law (PL) with exponent τ = 3/2 + ω 16, 17 . Such aggregates may subsequently fragment, however our focus in this paper is on how they initially emerge and grow, and the consequences of this. The theory that we now develop shows that heterogeneous systems with aggregation rules based on objects' mutual affinity, can effectively delay the gel transition point and drastically alter its growth rate.
We then apply our theory to analyze the formation and early dynamics of a collective human support network underlying extremism. Our study provides new insights into the potential mechanisms underlying their online aggregation dynamics. More generally, our theory can be applied to an aggregating population of any type in which there is significant individual heterogeneity.
We incorporate the heterogeneity among objects by a single variable x that for simplicity we refer to as its 'character' and which is assigned to each individual 18, 19 . For simplicity,
we consider x to be a real number between 0 and 1 given that any other one-dimensional range can be easily rescaled to this. In addition, we assume that x is static over time, though this aspect could be changed in the future to account for experience or external influence.
For a given population of N objects, a distribution of character values q(x) is used to randomly assign a unique x i to each object i, (i = 1, 2, 3, ..., N ). Interactions between objects are described by means of their mutual affinity. We define the similarity S ij between indi-vidual i and individual j as S ij = 1 − |x i − x j |, so that individuals with alike character have a high similarity while individuals with unlike character have a low similarity. Hence we illustrate two contrasting aggregation mechanisms: Mechanism 1 (which we refer to as M1)
forming alike clusters and Mechanism 2 (which we refer to as M2) forming unlike clusters.
Figure 1(a) schematically illustrates these aggregation mechanisms that are quantified by the coalescence probability C(S ij ) between individuals i and j.
Starting from an isolated population of N objects, clusters form over time by randomly selecting two individuals i and j that merge into a new cluster with a probability C(S ij ) or remain separated with a probability of 1 − C(S ij ). A diagram of the aggregation process is shown in the left panel of Fig 1(b) . This process can be traced analytically by means of Smoluchowski theory where two clusters join at a rate proportional to the product of their sizes (i.e. product kernel) and is weighted by the mean-field aggregation probability F that accounts for the heterogeneity and formation mechanism. In general, F determines the likelihood for any pair of elements i and j to merge into a new cluster at a given timestep t.
The set of coupled differential equations for the dynamics of the number of clusters of size s, n s (t), is given by:
The first term on the right-hand side of both Eqs. 1 and 2 represents the population of clusters of size s that merge with other clusters, while the second term in Eq. 1 is the 3 population of smaller clusters that merge to form clusters of size s. Since K ij is a product kernel with exponent ω = 1, the system undergoes a gelation transition at some finite point in the dynamics 13 , and follows a PL size distribution with exponent τ = 5/2 at the gel transition point t c . Its exact location is determined mathematically by a singularity in the second moment of the size distribution and found to be equal to t c = N/2F (see Supplementary Information for the full derivation).
The expression for the evolution of the gel cluster G can be obtained by means of the exponential generating function E(y, t) ≡ s≥1 sn s e ys whose partial time derivative takes the form of the inviscid Burgers equation which can be solved by the method of characteristics (see Ref. 15 for the case of homogeneous systems). Above the gel transition point, the formalism determines that the size of G follows the following equation
The solution of (3) can be expressed in terms of the W -Lambert function as
The aggregation mechanism favoring joining similar individuals (i.e. M1) is defined simply as C = S ij , while for aggregating dissimilar individuals (i.e. M2) it is defined as C = 1 − S ij . The limit of random aggregation is obtained by considering all character values to be identical (i.e. q(x) = δ(x − x 0 )) which makes the process character-free with an aggregation probability C(S ij ) = 1. For the case of interest of a heterogeneous population, the mean-field probability F depends on both the formation mechanisms and the character distribution. For example for a uniform character distribution q(x), the probability density function (PDF) of the similarity y = S ij for M1 is f (y) = 2y and hence the mean-field aggregation probability F = 1 0 yf (y)dy = 2/3. Similarly, for M2 the mean-field probability results in F = 1/3. The homogeneous (i.e., character free) limit occurs when y = 1 and the character distribution is a Dirac delta which yields F = 1. around the transition point. Since the system was active for years prior to t c , during which multiple aggregation and fragmentation events would have taken place, it is understandable that a certain level of noise is present within the data. We consider this background noise as the floor from which the gel cluster arises at t = t c , as shown in Fig. 3(b) . Our results suggest that dissimilar follows collectively assemble to create the network of pro-ISIS support groups in VK (i.e. pro-ISIS support is dominated by mechanism M2). This finding is consistent with the fact that different online social media groups support pro-ISIS causes in complementary ways, such as financing, recruitment, spreading of propaganda among others 21, 23 .
Going deeper into the group formation analysis, we now look into the dynamics of individual groups. From the wide ecology of groups found in 2015, we selected those with features that resemble those of our heterogeneous model. In particular, we had to weed out groups that were inactive and/or put their web setting as invisible for long periods of time.
In addition, some groups experienced large dynamical increments in very short periods of time which reveals abrupt changes akin to processes such as explosive percolation. Moreover, since the total number of potential follows varies over time, we restrict the modeling to the first few active weeks where the assumption of a constant subpopulation of follows (i.e. N ) holds. We measured the goodness-of-fit of Eq. 3 with the real data and found a total of 32 groups that give an r-squared higher than 80% during the initial growth period. Our approach supposes that each group is a gel cluster formed by a subpopulation of follows from a larger pool comprising the entire network. Our results are presented in Fig. 4 .
Since groups have the option to turn themselves invisible for any length of time, our data 7 contain some gaps for those particular dates. However we can see that our gelation approach captures well the group growth at the early stage and associates each one with a particular value of F (and hence a formation mechanism) ranging from 1/3 up to 1 (see inset of Fig.   4 ). Specifically, we found that a larger number of groups are formed by similar interests (i.e. M1) than dissimilar (i.e. M2), and for a larger population of groups the mechanism resembles that of a character free model. the online network at large. We then looked into the individual group dynamics and found that some groups are better described by means of aggregating similar objects, while others resemble a team-like structure of dissimilar individuals -and the remainder tend to follow a more homogeneous aggregation process.
Methods
The full mathematical derivation of Eq. 3 is given in the SI. The power-law analysis that we use for the distribution of group sizes follows strict testing procedures described in the references of the SI. The data extraction is explained in full detail in Ref. 21 of the main paper. Figure 1 Our model of aggregation in a heterogeneous population (a) Individual heterogeneity is modeled by introducing a unique hidden variable x to each agent. The value of x is randomly assigned from a given distribution q(x). The formation mechanism depends on the affinity among individuals. Favoring high similarity in establishing a connection is mechanism 1 (which we refer to as M1) while favoring dissimilarity is mechanism 2 (which we refer to as M2). These mechanisms are quantified by the coalescence probability C(S ij ), which is a function of the similarity S ij = 1 − |x i − x j | of a given pair of objects i and j. (b) The aggregation process and hence the formation of the gel cluster (G)
can be described by a discrete simulation (left panel) and analytically traced by a mean-field approach (right panel). pro-ISIS support groups s group (circles) compared to individual gelation processes (curves) resulting in different values of mean-field coalescence probability F ranging from 1/3 up to 1 (inset).
